Abstract. Let U be a real form of a complex semisimple Lie group, and (τ, σ) a pair of commuting involutions on U . This data corresponds to a reflective submanifold of a symmetric space, U/K. We define an associated integrable system, and describe how to produce solutions from curved flats. This gives many new examples of submanifolds as integrable systems.
Introduction
The primary aim of this paper is to understand an integrable system characterized by a loop group associated to any pair of commuting involutions on a real semisimple Lie group. This generalizes a system which was introduced by Ferus and Pedit [13] to study isometric immersions of space forms. From this generalization, new examples of special submanifolds as integrable systems can be obtained. The application which we will focus on is a natural analogue, pertaining to an arbitrary reflective submanifold in a symmetric space, of the problem of isometric immersions of space forms with negative extrinsic curvature and flat normal bundle.
Background.
A reflective submanifold N , of a connected Riemannian manifold P , is a totally geodesic symmetric submanifold. Reflective submanifolds of Riemannian symmetric spaces, P = U/K, were classified by DSP Leung [19, 20, 21] . Each can be characterized by a pairwise symmetric Lie algebra, (u, τ, σ), where τ and σ are commuting involutions, and τ determines the symmetric space U/K. Let u = k ⊕ p = u + ⊕ u − be the canonical decompositions of the Lie algebra, u, induced by τ and σ respectively. Then N is the totally geodesic submanifold through the origin, K, obtained by exponentiating p ′ := p ∩ u − . Clearly there is a second (semi-Riemannian) symmetric space involved here, U/U + , associated to σ.
As part of the project of classifying symmetric submanifolds of symmetric spaces (see [23, 4] for this story), H Naitoh was led to the use of Grassmann geometries, a concept defined by Harvey and Lawson [14] .
If G is an arbitrary subset of the Grassmann bundle of tangential s-planes over P , that is, Gr s (T P ) = ∪ x∈P Gr s (T x P ), then a G-submanifold, N , of P is an s-dimensional connected submanifold such that T x N is an element of G for each x ∈ N . The set of such submanifolds is called the G-geometry. For us, P will be a homogeneous space, G/H, and G an orbit of the action of the identity component, I 0 (G), of G on Gr s (T P ).
A G-geometry is called strongly curvature invariant if, for each s-plane W ∈ G, both W and its orthogonal complement W ⊥ are invariant under the curvature tensor of P . For each strongly curvature invariant G-geometry of a symmetric space, U/K, there is precisely one reflective submanifold, up to isometries of U/K, and vice versa. We will be interested in certain nontotally geodesic G-submanifolds. For this, a result of Naitoh, [24, 25, 27, 26] , is helpful (see [4] ): the following list contains all strongly curvature invariant G-geometries which admit non-totally geodesic G-submanifolds, for the case that P is a simply connected, irreducible symmetric space of compact type:
(i) k-dimensional submanifolds of the sphere S n , 0 < k < n; (ii) k-dimensional complex submanifolds of the complex projective space CP n , 0 < k < n; (iii) n-dimensional totally real submanifolds of CP n , n ≥ 2; (iv) 2n-real-dimensional totally complex submanifolds of the quaternionic projective space HP n , n ≥ 2; (v) The geometries associated with irreducible symmetric R-spaces; There is a precisely analogous list for the non-compact case.
1.2. Problem Statement. If E 1 and E 2 are vector bundles over a manifold M , with connections Γ 1 and Γ 2 respectively, then we will call the bundle connection pairs (E 1 , Γ 1 ) and (E 2 , Γ 2 ) isomorphic if there exists a vector bundle isomorphism φ : E 1 → E 2 such that φ * Γ 2 = Γ 1 . Suppose M is an immersed Riemannian submanifold of N 1 , and f : M → N 2 is an isometric immersion, where Dim(N 1 ) = Dim(N 2 ). We will say that f is normal curvature preserving if the associated normal bundle connection pairs are isomorphic.
For a Riemannian manifold M , let M R denote the same manifold with the metric scaled by a factor of R > 0. If P := U/K, is a symmetric space, and N := exp(p ′ ) is a totally geodesic submanifold through the origin, 0 := K, whose tangent space at 0 is p ′ , denote the associated orbit on Gr Dim(p ′ ) (T P ) by G p ′ . Problem 1.1. Suppose given a simply connected, immersed, reflective submanifold N := exp(p ′ ) of a semisimple Riemannian symmetric space P . Thus, N R is a reflective submanifold of P R . Does there exist a (local or global) isometric immersion of N R into P as a normal curvature preserving G p ′ -submanifold? More specifically, we consider this problem for (i) R > 1, if P is of compact type;
(ii) R < 1, if P is of non-compact type.
In the case that P has constant curvature, these ranges for R are equivalent to the requirement that N R has negative extrinsic curvature. On the other hand, for positive extrinsic curvature, one has umbilic hypersurfaces N R , so there is no issue there. Problem 1.1 generalizes the questions of whether there is a local isometric embedding with flat normal bundle of a sphere S k R , of radius √ R into S n , for R > 1, and the analogue for a hyperbolic space H k R into H n for R < 1. It is known for these special cases that solutions exist if and only if n ≥ 2k − 1, and, moreover, that the integrability condition is an integrable system of nonlinear PDE, solutions of which can be obtained by solving a collection of commuting linear differential equations [1, 31, 32, 13] . For the sphere, even though local solutions exist, there is no complete global solution [22] . For the hyperbolic case, H k R → H n , for R < 1, global non-immersibility is also conjectured to be the case (usually stated in codimension k − 1). It is equivalent to the complete isometric immersion problem with flat normal bundle of hyperbolic space into Euclidean space. Non-immersibility for H 2 into E 3 was proven by Hilbert [15] . However, in the simply connected case, the problem remains open for higher dimensions.
1.3. Approach. We consider a generalization of a Grassmann submanifold: given a subset, G, of Gr s (T P ), a sub-G-submanifold, or G-compatible submanifold is an r-dimensional submanifold of P , r ≤ s, each of whose tangent spaces is contained in an element of G. The basic idea is, given two homogeneous spaces, G/H and G/K, where K is a subgroup of H, we construct sub-G-submanifolds in G/K which project to G ′ -submanifolds of G/H, for certain geometries G and G ′ . In Section 1.6 below, we explain that, in this article, we are doing precisely that, in an infinite dimensional homogeneous space.
We study G 1 −1 -compatible submanifolds, where G 1 −1 is a particular Grassmann geometry of finite dimensional submanifolds of an infinite dimensional homogeneous space H/H 0 . Here H is a subgroup of the loop group ΛG of maps from the unit circle into a complexification, G, of U . The subgroup H is defined as the fixed point set of three involutions of ΛG, associated to the pairwise symmetric Lie algebra (u, τ, σ). This is a modification and generalization of the set-up used in [13] .
In Section 2 we outline how to produce G-compatible submanifolds for a more general class of Grassmann geometries, which contains ours, using a generalized Krichever-Dorfmeister-Pedit-Wu (KDPW) method. This reduces the problem to one of producing simpler objects, which are then susceptible to the standard Adler-Kostant-Symes (AKS) theory, [2, 3, 17, 30, 9] . These methods are well-known to experts in the field.
In Section 3 we describe the three-involution loop group and the G 1 −1 -compatible submanifolds, and work out the basic equations satisfied by them. In general, a G 1 −1 -compatible immersion takes values in the subgroup consisting of loops which have holomorphic extensions to the punctured plane C * . In our case, for a fixed value of the loop parameter λ ∈ R * , the solutions are special (immersed) submanifolds of the homogeneous space
, satisfying certain conditions.
1.4.
Results. In Section 4 we study the projections of these immersions to U/K, and then to U/U + . For the first case, we show, Theorem 4.1, that, if the dimension of the submanifold is equal to the dimension of p ′ , then regular solutions are precisely the solutions to Problem 1.1, for the case R > 1 (irrespective of whether the symmetric space P is compact).
For the projections to U/U + , we show, Proposition 4.1, that these are curved flats, that is maps which are, at each point, tangent to a flat of U/U + . We can then deduce that there is no complete immersion (other than a curve) in the compact case: Corollary 1.2. Let N and P be as in Problem 1.1, for the case P compact and R > 1, Σ R ⊂ N R an open submanifold, and f : Σ R → P an isometric normal curvature preserving G p ′ -immersion. If the symmetric space N is not flat, then Σ R cannot be the whole of N R .
In Section 5 we study the regularity of the solutions obtained via the KDPW method, with the following result, which is basic to all that follows: 
Note that the assumptions that R > 1 and U/U + is Riemannian are essential for the "only if" direction. (i) N R = S k R is an isometric immersion with flat normal bundle from a k-sphere of radius √ R into the unit sphere S n , with 0 < k ≤ (n + 1)/2, and n ≥ 2.
(ii) N R = S n R is an isometric totally real immersion from an n-sphere of radius √ R into complex projective space CP n , with n ≥ 2.
The Non-Compact
Case. In Section 7 we consider Problem 1.1 for the non-compact case. Here the second symmetric space, U/U + is nonRiemannian, which makes it less straightforward to obtain non-existence results. However, we can use the property of the three involution loop group, explored in [6, 5] , that a solution for one problem for a value of the loop parameter λ in R * corresponds to a solution to a different problem for λ in S 1 or iR * . This allows us, in those cases where it is necessary, to equate the problem with one in which U/U + is Riemannian. Since the submanifolds are hyperbolic, we do not, however, get global non-immersibility, as we did in the compact case. R into the standard hyperbolic space H n , with 0 < k ≤ (n + 1)/2, and n ≥ 2.
(ii) N R = H n R is an isometric totally real immersion from the hyperbolic space of constant curvature −1 R into complex hyperbolic space CH n , with n ≥ 2. Remark 1.6. It seems an interesting question to ask whether or not there exist complete immersions in the second case of Theorem 1.5, given the above-mentioned conjectures concerning the first case.
1.5. Other Projections. In the last section we discuss the case where Dim(p ′ ) > Rank(U/U + ). In this case, the loop group still provides special submanifolds, but they are of dimension at most equal to the rank of U/U + , so the projections to U/K are deformations of certain submanifolds of symmetric submanifolds, in fact sub-G p ′ -submanifolds. There are many of these, as the list of reflective submanifolds contains over one hundred examples [19] . We consider one example only, associated to a pair of involutions on G 2 , and project the solutions, which are of dimension 2, to the sphere S 6 . The resulting surfaces are deformations of totally geodesic complex curves in S 6 , with the property that the restriction of T S 6 to the surface decomposes canonically into three 2-dimensional sub-bundles, each of which is invariant under the almost complex structure of S 6 .
1.6. Concluding Remarks. The G 1 −1 -compatible submanifolds here are defined as maps into H/H 0 , where H 0 = K ∩U + . As such, they are only sub-G 1 −1 -submanifolds, and the G 1 −1 -geometry on this space consists of integral submanifolds for a distribution. However, the final object we are interested in is the associated family of immersions into U/K. This can be thought of as a true G 1 −1 -submanifold in H/K, where this geometry is defined analogously to that on H/H 0 , and it is easy to verify that, on H/K, the G 1 −1 -geometry is not a distribution.
The G 1 −1 -compatible submanifolds associated to the three involution loop group studied here can, in the real analytic case, be thought of as families of certain pluriharmonic maps [5] . Moreover, the choices of R complementary to those stated in Problem 1.1 can also be obtained from the set-up here. The results for those cases are different, however, as the symmetric space U/U + is non-Riemannian.
There are further methods for producing and studying the solutions to the problems described here, such as dressing, and also studying an associated linear problem on an algebraic curve. A possible alternative to the KDPW approach used here would have been the modified AKS construction given in [13] .
For global problems, the loop group approach is clearly of use in obtaining non-existence results. On the other hand, the problem of constructing, or proving existence of, solutions with particular global properties is challenging, and more progress in this direction would be interesting.
The basic principal behind this project was to study a naturally occurring integrable system and to interpret the solutions geometrically. This approach has been pursued recently by Terng and collaborators [7, 33] .
Integrable Systems Constructed from Loop Groups
In this section we describe a general type of integrable system, and a way to obtain solutions, using well-established methods. We present it in terms of Grassmann geometries, as this fits well with our applications. The essential fact we will need is the correspondence (4).
2.1. Loop Group Grassmann Geometries. Let G be a complex Lie group, with Lie algebra g. Let ΛG be the group of maps from the unit circle S 1 into G, of a class which includes all loops which extend analytically to some neighbourhood of S 1 , and that makes ΛG a Banach Lie group; such as the Wiener topology. ΛG includes maps which have holomorphic extensions to C * , and most of the maps we discuss are of this type.
Let H be a closed subgroup of ΛG, and H 0 be the group of constant loops in H, namely H∩G. Then the set of left cosets of H 0 , denoted by H/H 0 , is a (generally infinite dimensional) homogeneous space on which H acts by left multiplication. This induces an action on the Grassmann bundle Gr s T H H 0 , and so we can talk about associated G-geometries, where G is any orbit of this action.
The Lie algebra Λg of ΛG consists of the set of Fourier series,
where λ is the S 1 parameter, and the convergence condition depends on the topology one chooses. The Lie algebra, Lie(H), of H, is a subalgebra of Λg, and the Lie algebra, Lie(H 0 ), of H 0 is just the set of constant polynomials in Lie(H). Hence the tangent space at the origin, 0 := H 0 , of H/H 0 consists of the elements of Lie(H) whose constant terms are zero,
Given such a subgroup H, define, for integers a < b, W b a to be the vector subspace of T 0 The basic object we can construct, using the techniques described here, are G b a -compatible (immersed) submanifolds of H/H 0 . They were studied, essentially from this point of view, in [6] , where they were called connection order (a, b) maps. This terminology was grounded in the structure of the Maurer-Cartan form of a frame for such an immersion, described below.
Here is a more detailed description: let M be a smooth manifold with a fixed base point x 0 , and denote by Map(M, x 0 , ΛG, I) the group of smooth maps M → ΛG, which map x 0 to the identity. For a smooth map f from M into a Lie group G, we denote by f −1 df , the pull-back via f of the MaurerCartan form of G. If F ∈ Map(M, x 0 , ΛG, I), then the Maurer-Cartan form F −1 dF takes its values in the Lie algebra Λg, that is, it has an expansion
where α i are g-valued 1-forms. For each value of λ where F is defined, in particular for all λ ∈ S 1 , we have a smooth map F λ : M → G, with MaurerCartan form α λ , which must satisfy the integrability condition, known as the Maurer-Cartan equation,
Conversely, such a family of 1-forms which satisfies (1) on a simply-connected manifold M can be integrated to obtain a unique map F ∈ Map(M, x 0 , ΛG, I).
If H is any subgroup of the loop group ΛG then, for any extended integers a, b ∈ Z ∪ {±∞}, with a ≤ b, we define
The notation "MC" is meant to remind us that it is the expansion of the Maurer-Cartan form of F , not F itself, which is a polynomial of degree (a, b). Since postmultiplication by an element which is constant in λ has no effect on the connection order, we can analogously define
, mapping x 0 to the origin. On the other hand, for a fixed value of λ ∈ C * , these are maps, f λ , from M into some quotient group U H 0 , where U is some subgroup of G. This leads to the interpretations of G b a -compatible immersions as families (as λ varies) of special submanifolds of a homogeneous space. The fact that the Maurer-Cartan equation (1) holds for all λ, imposes some conditions on f λ , which define the special submanifold. Notation: We sometimes use the same symbol x for an element of H/H 0 as for a representative in H.
2.2.
The KDPW Method. This is a general method for constructing a G b a -compatible immersion, where a < 0 < b, from a pair of simpler objects, namely a G 0 a -compatible immersion and a G b 0 -compatible immersion, using a Birkhoff factorization of the loop group (see [28] ). This is a factorization for x ∈ ΛG,
where the loops x + and x − have holomorphic extensions to the unit disc D + and the complement of its closure D − respectively. Denote the respective subgroups of such elements by Λ ± G, and, for a subgroup H, set H ± := H ∩ Λ ± G. The Birkhoff factorization is valid on an open dense neighbourhood of the identity of ΛG, and is unique with the normalization x + (0) = I.
Obviously the analogue holds with ± interchanged. The idea was used by Krichever in [18] for solutions of the sine-Gordon equation. A different variant was used for harmonic maps into symmetric spaces by Dorfmeister, Pedit and Wu in [11] . In the case of harmonic maps, it reduced the problem to specifying certain holomorphic data, and has since been used successfully to produce numerous examples of constant mean curvature surfaces. This is known as the DPW method. Dorfmeister and the author investigated the general applicability of the basic idea in [6] .
If x is an element of a subgroup H of ΛG, and the factors x ± in (2) are also in H, then we say H is Birkhoff decomposable. In this case, the generalized KDPW method described in [6] gives the following bijection:
F − ∈ MC(Ω, H) −1 a , which holds at least in a neighbourhood, Ω, of the base point, x 0 , of M . The maps F + and F − are simply the unique normalized left factors in the left and right Birkhoff decompositions
The version which we will use, is the case that H is Birkhoff decomposable and we consider a further subgroup, H τ , where τ is an involution of the second kind of H, meaning it takes H ± → H ∓ , and F ∈ MC(M,
then it follows that a = −b and, applying τ to both sides of the correspondence (3), we see that we must have F − = τ F + . One can show that there is always a bijective correspondence
for some neighbourhood Ω of x 0 . If H τ is a subgroup of ΛU , where U is a compact real form of G, then we also have a global statement in the right to left direction, because F on the left hand side of (4) is constructed pointwise from an Iwasawa factorization.
2.3.
The AKS Theory and Finite Type Solutions. One useful consequence of the correspondence (3) is that the standard AKS theory can be used to generate many solutions which are computed by solving a collection of ODE's on a finite dimensional vector space, so-called finite type solutions. In general, this method applies to G −1 a -compatible and G b 1 -compatible immersions, and one can then apply the correspondence (3) to these. A short description can be found in [9] . We will not use this construction here, but wish to point out that this is one means to generate many solutions for the problems studied below.
The Three Involution Loop Group
3.1. Definition of the Group. Let G be a complex semisimple Lie group, τ , σ a pair of commuting involutions of G, and ρ a conjugation of G which commutes with τ and σ. Let U := G ρ be the real form determined by ρ, with corresponding Lie algebra u. Extend the involutions to ΛG by the rules:
and consider the subgroup fixed by all three involutions:
It is easy to show that if ΛG is any Birkhoff decomposable group, for example if G is complex semisimple, then so is the subgroup defined as the fixed point set of any finite number of commuting finite order automorphisms of the first kind, which include ρ and σ defined here. Since τ is of the second kind, we are in the realm of the second version of the KDPW method and, in particular, can use the correspondence (4) .
We can also project to obtain maps into the symmetric spaces U/U τ and U/U σ , or more generally, into any homogeneous space U/H, where
In principle, we can construct F from elements
, by the correspondence (4). The maps F + are families of curved flats into U/U σ .
Curved Flats.
Here we summarize the definitions and relevant results from [12] , where Ferus and Pedit defined and studied curved flats. If u = k ⊕ p is the canonical decomposition, and the tangent bundle to N is identified with p via the differential of left translation from the origin, then the tangent space at each point of a curved flat is an Abelian subspace of p. Hence if the symmetric space is Riemannian, the maximum possible dimension for a regular curved flat is Rank(U/K).
If M is simply connected, then curved flats can be characterized as elements of
where ρ is the conjugation determining the real form U of a complexification, G, of U , and ρ is extended to ΛG by (ρX)(λ) = ρ(X(λ), σ is extended by the formula (σX)(λ) = σ(X(−λ)), and K is the fixed point set of σ U . To see this, let F : M → U be a frame for a curved flat f . Note that a global frame may not exist, but one can show that the map into the homogeneous space H/ H 0 we are about to construct is nevertheless defined. The Maurer-Cartan form of F has the k ⊕ p decomposition
The curved flat condition is given by
It is simple to check that this condition, together with the integrability condition for α, namely the Maurer-Cartan equation (1), are equivalent to the assumption that the family of 1-forms,
satisfies the Maurer-Cartan equation for all values of λ. For λ ∈ R * , we can integrate α λ on M to obtain a frame for a curved flat. The associated family is an element of MC(M, H/ H 0 ) 1 0 . Note that, if M is contractible, so that a global frame exists, we can gauge away the α k term, to get a unique (up to the normalization point x 0 ) element of MC(M, H) 1 1 . The results which are of most interest to us are: Theorem 3.2. [12] (i) If Rank(U/K) = r, then the AKS scheme can be used to locally construct infinitely many r-dimensional curved flats into U/K, which are, at each point, tangent to a Cartan subalgebra of p.
The first statement implies that, on V , the
, constructed via the KDPW scheme described in Section 2.2, will also be immersions into U/(U τ ∩U σ ), for λ ∈ R * . Regular projections to U/U τ and U/U σ will be discussed below.
The Basic Equations Satisfied by
Let us return to the loop group defined in Section 3.1. Let F be a local frame for an element of
for some contractible open set Σ containing the base point x 0 . F takes its values in U := G ρ for λ ∈ R * , so, to simplify notation, we will always assume λ ∈ R * in the following discussion. As in the introduction, let
be the canonical decompositions associated to τ and σ respectively. We have the orthogonal (with respect to the Killing-form of g) decomposition
where
Let Ω(W ) denote the set of real-valued 1-forms on a manifold W .
For any fixed value of λ ∈ R * , we have, in addition to the integrability of α, the equation (i) By definition, α has the expansion
and α is fixed by τ , from which it follows that
from which we conclude that α has the form given by (8) . Now let us expand the integrability condition
This equation must hold for all values of λ, and it is straightforward to verify that this is equivalent to the following five equations
Now, at a fixed value of λ, the first four of these equations are merely the decomposition of (10) into its u ++ , u +− , u −− and u −+ components respectively, and so, pointwise in λ, they give no new conditions beyond integrability. The last, however, equation (15) , does imply a further condition, and, given the equation (11), it is equivalent to equation (9) of the Lemma.
(ii) The converse is just the standard fact that a g-valued 1-form which satisfies the integrability condition is the Maurer-Cartan form of a smooth map into a Lie group G, unique up to an initial condition. This is applied for every λ, and the uniqueness is given by the normalization at the base point x 0 of M .
Interpretation of the Solutions
Given an element F ∈ MC(M, H/H 0 ) 1 −1 , for real values of λ, F λ is a map M → U/(K ∩ U + ), as explained in Section 3. We will interpret the projections to both U/K and U/U + , but first, some more details about reflective submanifolds.
4.1. Strongly Curvature Invariant Immersions Associated to Reflective Submanifolds of Symmetric Spaces. In this section we outline some well-known facts. More details can be found in [19] .
4.1.1. Totally Geodesic Submanifolds of Symmetric Spaces. Let P = U/K be a (not necessarily Riemannian) connected semisimple symmetric space, where K = U τ , and u = k ⊕ p is the canonical decomposition of the Lie algebra of U . There is a natural one-to-one correspondence between connected totally geodesic submanifolds N through the origin 0 of P and linear subspaces p ′ of p which are closed under the Lie triple product, that is,
One way to construct the submanifold N from p ′ is by setting k ′ := [p ′ , p ′ ], u ′ := k ′ + p ′ , defining U ′ to be the connected Lie subgroup of U generated by u ′ , and setting K ′ := U ′ ∩ K. Then N = U ′ /K ′ , and the tangent space at the origin, T 0 N , is p ′ . The involution τ ′ defining K ′ is given by τ ′ := τ | u ′ . Conversely, given such a totally geodesic submanifold, one can take U ′ to be the largest subgroup of U which leaves N invariant, and set K ′ := U ′ ∩ K.
4.1.2.
Reflective Submanifolds. Now suppose given a symmetric space U/K as above, and suppose given another involutionσ of U which commutes with τ . Let u = u + ⊕ u − be the canonical decomposition associated to σ. Now set
⊂ p ′ , and so there is an associated symmetric subspace (U ′ , K ′ , τ ′ ) of (U, K, τ ), with u ′ = k ′ + p ′ , and a totally geodesic submanifold N = U ′ /K ′ of P , as described above. It will be convenient sometimes to choose a larger symmetric subalgebra than the one described in Section 4.1.1 to represent N ; namely, set
is a symmetric subalgebra of (u, k, τ ), where τ ′ := τ | u ′ , and we have a corresponding symmetric subspace (U ′ , K ′ , τ ′ ). Since a totally geodesic submanifold through the origin of U/K is determined by its tangent space at the origin (in this case p ′ ) it follows that U ′ /K ′ is the submanifold corresponding to p ′ described in Section 4.1.1. Note that in the situation just described we have the orthogonal decomposition
and it is easy to check that p ′ ⊥ is also closed under the Lie triple product. Thus P is a reflective submanifold. If U/K is Riemannian then one can also show that, conversely, every reflective submanifold is associated canonically to a second involution σ which commutes with τ , and so may be characterized by the pairwise symmetric Lie algebra (u, τ, σ) .
In the Riemannian case we also have the orthogonal decompositions
and the relations
4.1.3.
The G p ′ -Geometry. Any pairwise symmetric Lie algebra (u, τ, σ) induces a strongly curvature invariant Grassmann geometry, which we call the G p ′ -geometry, defined by the orbit of p ′ = p ∩ u − under the action of U on
is characterized by the property that it is Dim(p ′ )-dimensional, and its tangent space at each point is p ′ , if we identify the tangent bundle of P with p via left translation.
4.2.
The Projection to U/K. Let N = U/K be the reflective submanifold associated with the pairwise symmetric Lie algebra (u, τ, σ), and set p ′ = p ∩ u − as before. Set
For simplicity, we consider the spectral parameter in the interval R + := (0, ∞) ∈ R. The following would analogously apply to the interval (−∞, 0). As λ varies through R + , R λ varies through the interval [1, ∞), achieving the value 1 only at λ = 1. 
(ii) Conversely, let M be a simply connected, immersed, open submanifold of N , R > 1, and suppose f :
Proof.
(i) The conditionis that need to be satisfied are essentially local, so we may as well assume M is contractible and take a global frame for F , which we also denote by F . The left translation to the identity of the tangent space to the symmetric space U/K is just p. Let · , · be the canonical metric on p, given by the Killing form. Choose a frame for T x M , e i , i = 1, ..., m, which is orthonormal with respect to the pull-back metric. Then we have the projection to p of α,
where θ λ i (e i ) =:ê i are orthonormal with respect to · , · , that is, θ λ i are the coframe to e i , with indices lowered. Comparing the definition of θ λ with the form of α given by (8), we can also see that
which takes its values in p ′ . It follows that f λ is a G p ′ -immersion. Now the pullback metric is given by
Evidently, for any real value of λ, the metric is just a constant multiple of the metric for the immersion obtained at λ = 1, that is:
. At λ = 1, the Maurer-Cartan form of F is:
which takes its values in u ′ = k ′ ⊕ p ′ . It follows that, at λ = 1, F is a frame for a map into the totally geodesic submanifold U ′ /K ′ , in other words, f 1 is an isometric immersion M → U ′ /K ′ . For other values of λ ∈ R + , f λ is an isometric immersion M R λ → U/K. Finally, the connection 1-form for f λ is given by the projection to k of the Maurer-Cartan form of F λ , which, from (8) is
We have the relations:
It follows that the k ′ component of the connection, α 
The sum of the tangential and normal connections do not depend on λ, so this 1-form pulls-back identically via this isomorphism. Since we already know that the tangent bundle-connection pairs are isomorphic (the metrics differ by a constant scalar multiple), it follows that the normal bundle-connection pairs are also isomorphic.
(ii) For the converse, we argue locally first, that is, choose a contractible subset Σ R of M R , which contains the normalization point, so that a frame F : Σ R → U exists for f . The Maurer-Cartan form of F has the decomposition
The assumption that f is a G p ′ -immersion means that
, where, as usual, we identify T P with p. Hence the projection to p ′ ⊥ of F −1 dF is zero, that is, α −+ = 0. Now define a 1-form
By definition, α λ 0 = F −1 dF and is therefore integrable. Further, we saw in Lemma 3.3 that α λ being integrable for all values of λ is equivalent to integrability at a single value of λ plus the equation
We also showed in Lemma 3.3 that MC(Σ R , H/H 0 )| 1 −1 consists precisely of families, for λ ∈ R * , of equivalence classes of frames F λ : Σ R → U whose Maurer-Cartan forms have the form (20) and satisfy (21), so we only need to show that this is satisfied.
The 1-forms α −− and α ++ have the same interpretation as in the first part of the proof. On the other hand, we also assumed that M is an open immersed submanifold of the reflective submanifold N . If g : M → N ⊂ P is this immersion, and G : Σ → U a frame, where Σ = Σ R as a point set, then the Maurer-Cartan form is
with β ±± ∈ u ±± ⊗Ω(M ). There is no +− term, because Σ is a totally geodesic submanifold of P , and, from the relation (19), the +− term of the Maurer-Cartan is the second fundamental form. Again, β −− is the coframe for g, and β ++ is the sum of the connections on T Σ and T ⊥ Σ. Because f is an isometric normal curvature preserving immersion, we can choose a bundle isomorphism φ :
The factor of √ R is due to the fact that the metric on Σ R is R times that on Σ. But then the k ∩ u + component of the integrability condition for G −1 dG is
and this, combined with (23) is equivalent to (21) . Hence the 1-form α λ is integrable for all λ, and can be integrated on the simply connected set Σ R to obtain an element of MC(Σ R , H/H 0 )| 1 −1 which has the required property.
For the global picture, one can show that, even though a global frame F may not exist, the equivalence class in MC(M, H/H 0 )| 1 −1 is nevertheless well defined. This argument is given in an analogous situation in [5] .
4.3.
The Projection to U/U + . We now consider the projection of an element of MC(M, H/H 0 ) 1 −1 , to U/U + . We assume that U , τ , σ are as in Section 4.1 Proof. Choosing a frame, F ∈ MC(Σ, H) 1 −1 , for F , on some contractible open set Σ, F λ is also a frame forf λ , and, we recall the expression for the Maurer-Cartan form α λ = F consists of Dim(M ) linearly independent 1-forms. From (24) , it follows that α u − has the same property, andf λ is also regular. Proof. The mapf λ is a regular curved flat into a Riemannian symmetric space, which is intrinsically flat [12] .
Combined with the converse part of Theorem 4.1 we obtain Corollary 1.2.
Regularity of Projections to U/K
We discussed, in Section 3, the local construction, via the KDPW method, of elements of MC(M, H/H 0 ) 1 −1 which evaluate to immersions into U/(K ∩ U + ), provided dim(M ) ≤ rank(U/U + ). Now we look at the regularity of projections to U/K. so φ t a i has no first order component in the direction of y. Choose t small enough so that π V Span{φ t a 1 , ..., φ t a j } still has dimension j. Then
with C = 0, and, for i = j + 1,
with w , y = 0, and π V a i , y = 0. It follows that π V φ t a j+1 is linearly independent from π V φ t a i . Hence π V Span{φ t a 1 , ..., φ t a j+1 } =: V 2 has dimension j + 1. Now set m 2 := φ t m. This is still a Cartan subalgebra of u − , and φ t a i are still regular elements, since the adjoint action of U + preserves these properties. Hence, if j + 1 < n, we can repeat the above procedure, choosing an element y 1 ∈ V ∩ m ⊥ 2 . After n − j steps, we have π V m n−j = V . The above argument showed that there is a Cartan subalgebra which projects surjectively onto V arbitrarily close to any Cartan subalgebra of m of u − . Since this projection property is also an open condition among Cartan subalgebras, this means that a generic Cartan subalgebra projects onto V .
Let r := Rank(U/U + ). Regarding the next proposition, we first observe that a regular, r-dimensional, family of curved flats in U/U + , given by F + ∈ MC(R r , ΛG σρ ) 1 1 , certainly exists. One could take F + to be the family associated to an embedding of a flat totally geodesic submanifold of U/U + , for example. Further, if U/U + is Riemannian, then the tangent space at each point to an r-dimensional regular curved flat is a Cartan subalgebra of u − [12] . + dF + = ψλ, for some ψ ∈ u − ⊗ Ω(Σ), and G − has the expansion
where D i and C 0 do not depend on λ. As discussed above, the coframe for the projection to U/K is obtained from the 1-form α −− 1 (λ + λ −1 ), and so the condition for f : Σ → U/K to be an immersion for all λ ∈ R * is that α −− 1 consists of n linearly independent 1-forms. From the above expansion of F −1 dF , we have (25) α
Suppose first that we have a solution such that f λ is an immersion. Because F + is a curved flat in U/U + , it is necessarily tangent to a flat of U/U + , which means that ψ takes its values in an Abelian subalgebra a 1 ⊂ u − . Since the adjoint action of U + on u − takes Abelian subalgebras to Abelian subalgebras, Ad C ψ consists of n linearly independent 1-forms, then it is necessary that π p ′ a has dimension n, and so the rank of U/U + is at least n.
(ii) Conversely, suppose that n ≤ r. By Lemma 5.1, there exists a Cartan subalgebra a of u − such that π p ′ a = p ′ . Take any curved flat family F + ∈ MC(Σ, ΛG σρ ) 1 1 which is regular, that is, ψλ| x = F −1 + dF + | x consists of n linearly independent 1-forms and takes its values in a Cartan subalgebra m x ⊂ u − , for all x in some neighbourhood of the initial condition x 0 ∈ Σ.
We can assume that x 0 is the point at which all our loop group maps are normalized, that is,
is obtained via the KDPW correspondence (4). We can also assume, after an action by U + , that m x 0 = a, since a is Cartan and U + acts transitively on the Cartan subalgebras in u − . At the normalization point x 0 , equation (25) reduces to α
Since, π p ′ a = p ′ , and a and p ′ have the same dimension, it follows that α −− 1 | x 0 also consists of n linearly independent 1-forms. This is an open condition, and hence the solution is an immersion on some neighbourhood of x 0 .
Combining Theorem 4.1 with Proposition 5.1 we obtain Theorem 1.3.
The Solutions Associated to Reflective Submanifolds of Compact Symmetric Spaces
In this section we determine the answer to Problem 1.1 for the case that U/K is a compact, simply connected, irreducible symmetric space. Clearly, we need only consider strongly curvature invariant G-geometries which admit non-totally geodesic submanifolds, so it is enough to go through Naitoh's list, given in the introduction.
6.1. The Geometry of k-Dimensional Submanifolds of the Sphere S n , 0 < k < n. The reflective submanifolds of the sphere S n are just the totally geodesic submanifolds, namely spheres of dimension k < n. For these, the normal bundle is flat, so isometric normal curvature preserving G p ′ -immersions of N R will be isometric immersions with flat normal bundle of a sphere of radius √ R. To check whether solutions exist, set u = so(n + 1), τ = diag(I n , −1), where I j denotes the j × j identity matrix, σ = diag(I k , −I n+1−k ). Then k = so(n), u + = so(k) × so(n + 1 − k), and
where * i×j indicates an i × j submatrix. To identify the associated totally geodesic submanifold N , we can just look at p ′ , which must be the tangent space to the origin. We can take k ′ = [p ′ , p ′ ], and we see that N = SO(k + 1)/SO(k) = S k . The rank of U/U + is min(k, n + 1 − k), so, by Theorem 1.3, we need k ≤ n + 1 − k. In other word, solutions exist if and only if k ≤ (n + 1)/2.
6.2. The Geometry of k-Dimensional Complex Submanifolds of the Complex Projective Space CP n , 0 < k < n. This is the analogue of the case of the sphere, substituting su(n + 1) for so(n + 1). In this case,
The dimension of N is 2k, and the rank of U/U + is min(k, n + 1 − k) so there is no solution for any k or n.
6.3. The Geometry of n-Dimensional Totally Real Submanifolds of CP n . This is the case u = su(n + 1), k = s(u(n) × u(1)), u + = so(n + 1). Then U/K = RP n , and has dimension n, and U/U + has rank n. Therefore, solutions exist for every n. The G p ′ -immersions are totally real isometric immersions of S n R into CP n . In this case, the normal bundle is isomorphic to the tangent bundle via the complex structure, so the requirement that the immersion be normal curvature preserving is contained in the totally real condition.
It may be of interest to see the details explicitly: consider S 2n+1 as the unit sphere in C n+1 , with the Sasakian structure on T S 2n+1 induced by multiplication by i ∈ C n+1 , which we denote by J. We will call a submanifold M of S 2n+1 totally real if it is totally real as a submanifold of C n+1 , which means JT x M ⊂ T ⊥ x M ⊕ Rx for all x. The Hopf fibration, π : S 2n+1 → CP n , is given by the projection to S 2n+1 /U (1) = CP n , where the action of U (1) is by following the integral curves of the vector field Jx, for x ∈ S 2n+1 . The vertical space at x to the fibration is given by the line through the origin in T x S 2n+1 spanned by Jx. If M = M n is an n-dimensional immersed submanifold of S 2n+1 which is transverse to the Hopf fibration for all x, then the projection to CP n , π(M ) is also an immersed submanifold of the same dimension. If M is totally real in S 2n+1 , then π(M ) is also totally real (or Lagrangian) in CP n , that is the complex structure on the tangent bundle of CP n , which we also denote by J, takes the tangent space T π(x) π(M ) isomorphically to its orthogonal complement T ⊥ π(x) π(M ). This follows from the fact that J is induced from the complex structure on C n+1 . Conversely, one can show, [29] , that if M is simply connected andf : M → CP n is a Lagrangian immersion then there exists a lift to a Legendrian, (a special case of our definition of totally real) immersion f : M → S 2n+1 such that πf =f .
Let U = SU (n + 1), represented by the matrix subgroup of SO(2n + 2) consisting of all matrices of the form
, where A and B are (n + 1) × (n + 1), and such that det(A + iB) = 1. The Lie algebra u = su(n + 1) is thus represented as the subalgebra of so(2n + 2) consisting of matrices is the complex structure on C n+1 . An adapted frame for a totally real immersion
where the n columns of X are all in the normal space to the immersion. Thus the tangent space is contained in the span of the vectors making up JX and Jf . Let U = SU (n+1) as above. Let σ = Ad P , where P = diag(I n+1 , −I n+1 ), and τ = Ad Q , for Q = diag(I n , −1, I n , −1). Then U σ and U τ are isomorphic to SO(n + 1) and S(U n × U 1 ) respectively.
Let G = U C and, as before, define σ, τ and ρ by the extensions (6) and (7), and the extension (5) for the complex conjugation on G, and set H = ΛG ρστ . Let F be an element of MC(M, H/H 0 ) 1 −1 . Now H 0 = k ′ = k ∩ u + consists of matrices in su(n + 1) of the form diag( * n×n , * 1×1 , * n×n , * 1×1 ), and so right multiplication by H 0 fixes the (n + 1)'th and last columns of F . We will therefore regard the (n + 1)'th column of F as a map f into S 2n+1 . The Maurer-Cartan form of F has the expression (27)
where ω and β are an n × n matrix-valued 1-forms, θ is n × 1 and α is 1 × 1. The condition (9) in this case reduces to the equation
which we shall return to below. If we write F = [X, f, JX, Jf ], then we see from (27) that X t df = 0, and so the columns of X are all contained in the normal space to the image of f . Thus, f is totally real. The coframe for f is given by the column vector
and so the condition that f be an immersion is that the 1-forms which make up the components of this matrix span a space of dimension n.
At λ = 1, we have (Jf ) t df = (λ − λ −1 )α = 0, so Jf is normal, and the immersion is Legendrian. At this point, the second fundamental form is
and this is also zero, so the immersion is totally geodesic Legendrian at λ = 1. This projects to a totally geodesic Lagrangian immersion in CP n .
For other values of λ, f is not horizontal, but, if we assume that the vector θ t consists of n linearly independent 1-forms, then f is transverse to the fibre of the Hopf projection. Thus π • f is still a Lagrangian immersion into CP n . Writing X = [X 1 , ..., X n ], then, since X i are horizontal to π, and normal to the image of f , it follows that π * X i are an orthonormal basis for the normal space to πf , and, therefore, π * JX i = Jπ * X i are an orthonormal basis for the tangent space.
Let e i be the vector fields on M such that π * JX i = π * • f * e i . Then f * e i = JX i + (f * e i ) ⊥ , where the last term is in the vertical space. Hence JX t i df (e j ) = δ ij , and so the coframe for the orthonormal (with respect to the metric induced by π • f ) basis e i is given by
The connection induced by π • f on the tangent space is given by ω = (JX) t d(JX), and thus the equation (28), which we can write as
is the statement that the induced curvature is constant and equal to c λ = 4 (λ+λ −1 ) 2 . Equivalently, π • f is an isometric immersion of a piece of a sphere of radius √ R λ .
6.4. The Geometry of 2n-Real-Dimensional Totally Complex Submanifolds of the Quaternionic Projective Space HP n . The case n = 1 is a 4-sphere of constant curvature 4, covered above, so we consider n ≥ 2. In this case, u = sp(n + 1), k = sp(n) × sp(1), u + = u(n + 1), and the reflective submanifold is CP n , which has dimension 2n. The rank of U/U + is n + 1, so we need 2n ≤ n + 1, and solutions do not exist for n > 1.
6.5. The Geometries Associated to Symmetric R-Spaces. Naitoh proved that the strongly curvature G-geometries in compact symmetric spaces associated to symmetric R-spaces only admit non-totally geodesic G-submanifolds which are homothetic to the corresponding reflective submanifold, with a factor R < 1, opposite to what we seek. The analogue for the non-compact case, with R > 1, was proved by Berndt et al. in [4] (where both cases are discussed). Hence we do not need to consider these cases. Taking into account Corollary 1.2, this completes the proof of Theorem 1.4.
The Non-Compact Case
Here we want to consider the case R < 1. We start with the observation that the arguments given on the interpretation of the solutions of MC(M, H/H 0 ) 1 −1 as projections to U/K did not depend on what kind of conjugation ρ we used for the reality condition. The reality condition only determined which subset of C * corresponded to solutions in U , and hence the range of values for R λ = (λ+λ −1 ) 2 4 . We therefore consider now an alternative reality condition defined by the conjugation (ρ 2 X)(λ) := ρ(X(1/λ)).
Elements of ΛG ρ 2 are U -valued for values of λ in S 1 , and it is easy to check the following 
The values λ = ±i are excluded because the coframe θ λ vanishes there. Note that the difference here is that for λ ∈ S 1 , R λ takes its values in (0, 1), and this is the case we are interested in here. Now define another reality conditionρ by the involution:
Then X is fixed by τ , σ and ρ 2 if and only if X is fixed by τ , σ andρ. Hence ΛG τ σρ 2 = ΛG τ σρ , and thus the loop group is exactly the type we have already considered, sinceρ is of the form (5 , σ) with (ũ, τ, σ) , whereũ is the real form of the Lie algebra g defined byρ
Hence the case R < 1 is really just the case R > 1 for a symmetric space associated to a different real form of G, and so we can use our previous analysis to discuss the problem of existence of solutions. Specifically, the projection f λ : M → U/K has solutions for λ ∈ S 1 if and only if the projectionf : M → U / K has solutions for λ ∈ R * . Set U + := U σ . The point that we will use is: if U / U + is Riemannian then solutions exist if and only if Dim(U/K) = Rank( U / U + ).
7.1. The Geometry of k-Dimensional Submanifolds of the Real Hyperbolic Space. This is the analogue of the case of the sphere. Normal curvature preserving G p ′ -immersions of N R will be isometric immersions with flat normal bundle of a hyperbolic space of radius √ R. We have the analogous construction with u = so(n, 1),
Set J p,q = diag(I p , −I q ), and define
According to the argument presented above, if we replace the involution ρX = X withρ
then we can analyze the corresponding objects in the real form given by U = SO(n, 1, C)ρ for existence of solutions. Let φ : GL(n + 1, C) → GL(n + 1, C) be defined by φ = Ad T , for T = diag(I k , iI n , 1). Then it is easy to check that
is an isomorphism. φ commutes with σ, so we havẽ
which is compact. Hence U / U + is Riemannian, and of rank min(k, n+1−k), and we can say that solutions exist if and only if k ≤ (n + 1)/2.
Remark 7.3. The solutionsf λ : M → U / K here, for λ ∈ R * , are actually strongly curvature invariant G-immersions, H k R → SO(k, n + 1 − k)/SO(k, n − k), and do not appear in Naitoh's list because the target space is non-Riemannian.
The Geometry of Complex Submanifolds of Complex
Hyperbolic Space CH n . This is the analogue of the previous case, substituting su(n, 1) for so(n, 1). Thenũ = su(k, n+1−k), andũ + = s(u(k)×u(n+1−k)), so U / U + is Riemannian, and, as in the compact analogue, there is no solution for any k or n.
7.3. The Geometry of n-Dimensional Totally Real Submanifolds of CH n . Here u = su(n, 1), k = s(u(n) × u(1)), u + = so(n, 1). The complex Lie algebra is g = sl(n + 1, C), and the involutions on g are given by ρx = Ad J (x t ) −1 , τ x = Ad J x and σx = Ad J (x t ) −1 , where J = diag(I n , −1).
In this case,ũ + is not compact, so U / U + is non-Riemannian. However, we do not want to show non-existence here, so this is no problem. To show that a local solution can be constructed from a curved flat in U / U + , via the KDPW scheme, examining the converse part of the proof of Proposition 5.1, it will be enough to find an Abelian subalgebra a inũ − which projects ontop ∩ũ − . Then exponentiating a will give a suitable curved flat to locally construct a regular solution, as in the proof of Proposition 5.1. The relevant subspaces consist of the matrices in sl(n + 1, R) as follows:
where A is a symmetric n × n matrix. Let Then {E 1 , ..., E n−1 ,Ê} generate such an Abelian subalgebra. Hence, a solution exists for every n.
7.4. The Geometry of 2n-Real-Dimensional Totally Complex Submanifolds of the Quaternionic Hyperbolic Space HH n . In this case,
, and the reflective submanifold is CH n , which has dimension 2n.
Now U / U + is Riemannian and of rank n + 1, hence, as in the compact case, we need 2n ≤ n + 1, so solutions do not exist for n > 1.
Together with the remarks of Section 6.5, this completes the proof of Theorem 1.5.
Projections to Other Homogeneous Spaces
There are many more reflective submanifolds besides those discussed in Sections 6 and 7. In all other (Riemannian) cases, the rank r of U/U + must be less than the dimension of p ′ , according to the results of Naitoh. However, we can still produce solutions of dimension r, and these correspond, under the projection to U/K to sub-G p ′ -immersions. In this case, they have the property that the connections on the natural bundles p ′ and p ′ ⊥ are preserved, as λ varies, rather than the tangent and normal bundles.
It may be be interesting to take projections to other homogeneous spaces U/H where H is a subgroup containing K ∩U + , and we consider one example here.
Reflective Submanifolds of Symmetric Spaces with Isometry
Group G 2 . According to the classification in [19] , the only reflective submanifolds associated to G 2 are the reflective submanifolds SO(4) and G 2 /SO(4) in G 2 , and (SU (2)/SO(2)) × (SU (2)/SO(2)) in G 2 /SO(4). All of these have dimension greater than 2, but the rank of G 2 is 2, and so the rank of G 2 /(G 2 ) + will always be too small for the existence of local normal curvature preserving G p ′ -immersions of N R , for R > 1, for any of these reflective submanifolds.
8.2. Surfaces in S 6 with G 2 -Frames. Let i, j, k, x, ix, jx and kx be a basis for the imaginary octonions, ImO, and identify these with e 1 , ..., e 7 , the standard basis for R 7 . We define the multiplication on the octonions, by the usual quaternionic multiplication on i, j and k, and extending the following table by linearity and the relation ab = −ba for all imaginary octonions: i j k x ix jx kx ix x -kx jx -i -1 -k j jx kx x -ix -j k -1 -i kx -jx ix x -k -j i -1
Recall that G 2 is the Lie group consisting of algebra automorphisms of O. Since an element of G 2 fixes the identity, it is determined by its (orthogonal, orientation preserving) action on ImO = R 7 ; therefore, G 2 is a subgroup of SO(7). A G 2 -frame is a matrix F = [f 1 , ..., f 7 ] ⊂ G 2 ⊂ SO(7), whose columns f 1 , ..., f 7 , necessarily satisfy the the same octonionic multiplication table as e 1 ,...,e 7 , described above. That is, f 1 f 2 = f 3 , and so on.
There is an almost complex structure J on S 6 ⊂ R 7 = ImO, defined by Calabi, [10] , as follows: if u ∈ S 6 , one can identify the tangent space T u S 6 with the 6-plane in R 7 orthogonal to u. Then J u : T u S 6 → T u S 6 is defined by right multiplication by u. This is an (orthogonal) linear transformation which satisfies J 2 u = −1, and therefore an almost complex structure.
8.3.
Complex Curves in S 6 . A surface in S 6 whose tangent space is invariant under the almost complex structure described above is called an (almost) complex curve in S 6 . If f : M → S 6 is an immersed complex curve, one way to choose an adapted G 2 -frame, F : M → G 2 is, (29) F = [f, n 1 , n 2 , n 3 , n 4 , e 1 , e 2 ], where n i are normal, and e i are tangent to the surface. For such a matrix in G 2 , e i f = ±e j . A study of complex curves in S 6 can be found in [8] . They have been studied recently as an integrable system associated to primitive maps into a 6-symmetric space G 2 /T 2 , in [16] .
8.4. Special Surfaces from the Three Involution Loop Group. Let us now apply the construction of Section 4.1 to the group G 2 , that is, we wish to interpret elements of MC(M, H/H 0 ) 1 −1 , where H = Λ(G C 2 ) ρστ , and ρ, σ and τ are defined, respectively, by the extensions (5), of complex conjugation, and the extensions (6) and (7) of σ = Ad P , P = diag(I 3 , −I 4 ), τ = Ad Q , Q = diag(1, −I 2 , I 2 , −I 2 ).
The subspaces k ′ = k ∩ u + and p ′ = p ∩ u − consist of the elements of g 2 which have non-zero entries as follows:
Since right multiplication by an element of K ′ fixes the first column of a matrix F ∈ G 2 , there is a natural projection of an element F ∈ G 2 /K ′ onto S 6 = G 2 /SU (3), given by the taking this column. Because H 0 = K ′ , an element F ∈ MC(M, H/H 0 ) 1 −1 can, for real values of λ, be interpreted, via this projection, as a G 2 -frame for a certain map f : M → S 6 . Write the frame as
where f is a single column and N , X and Y consist of two columns each. The last 6 columns of F form an orthonormal basis for the total bundle T S 6 | M , and the action by K on the right of such a frame preserves the 2-dimensional subspaces spanned by N , X and Y respectively. Thus, given that the frame is normalized to the identity at some point, there is also a natural decomposition of T S 6 | M into these three 2-dimensional sub-bundles,
Further, each sub-bundle, η i , has an almost complex structure on it, inherited from S 6 , because the {f, 
it follows from (30) that the bundle η 1 is a sub-bundle of the normal bundle, that ω 1 , ω 2 and ω 3 are the connections for the bundles η 1 , η 2 and η 3 respectively, and that [(λ − λ −1 )θ 1 , (λ + λ −1 )θ 2 ] t is essentially the coframe. Note that u − consists of all matrices in g 2 of the form 0 * 3×4 * 3×4 0 , so it follows from Lemma 5.1 that solutions constructed from 2-dimensional regular curved flats via the KDPW method will generically project to regular maps into S 6 . At λ = 1 we have
Comparing with (31) , this implies that, for this value of λ, X 1 and X 2 also lie in the normal bundle, so the tangent space is spanned by Y 1 and Y 2 . Hence, f | λ=1 is a complex curve. Moreover, the second fundamental form for f | λ=1 is given by the matrix [N t dY, X t dY ] t and this is zero. Thus f | λ=1 is a totally geodesic complex curve in S 6 . We now examine the conditions we get for f λ from the equation (9) . It is easy to verify that, in this case, the condition is equivalent to the three equations
These equations say that the bundle-connection pairs (η i , ∇ i ), where the connection is induced from S 6 , are isomorphic to those obtained at λ = 1.
Funding
Research supported by the Japan Society for the Promotion of Science.
